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• Several other size/space tradeoffs for various proof systems [R17,BN20,R18]
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Like circuit depth, proof depth captures a notion of “parallelism” of a proof

Depth

There is always a depth  Resolution proof (but may have size ) n 2n

n

2n

Many strong proof systems can be balanced — depth is always at most log of the size 
 Resolution (Res(k), Cutting Planes) cannot always be balanced→

Resolution proofs capture the complexity of modern algorithms for SAT 
 Size lower bounds runtime 
 Depth lower bounds parallelizability 

→
→
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There is a CNF formula  on  variables such that 


- There is a weakly exponential size -proof of 
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depth

F n
P F

P F
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Π 𝗌𝗂𝗓𝖾(Π) ≤ exp(o(n1−ε/c))
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This Work
Let , let  be real-valued parameter that will control our tradeoffε > 0 c ≥ 1

Caveat:  has  many clauses — we’ll come back to this!F nO(c)
A tradeoff between runtime and parallelizability for CDCL
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If  has a proof of size  and width    has a proof of size F s w ⟹ F ∘ 𝖷𝖮𝖱2 O(s2w)

 Locally simulate the XOR in every step of the proof of 

 Naively simulation is essentially the best! (A theme of lifting theorems)
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•  is a “weak” proof system


•  is a “strong” proof system
P
Q

A lifting theorem shows that the most efficient -proof of  is to simulate the 
most efficient -proof of  (with some extra overhead to handle )

Q F ∘ g
P F g
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Does the opposite! — Lifts depth lower bounds on a strong proof system to 
(much stronger) depth lower bounds on weak proof system


•  is Resolution


•  is size-bounded Resolution
P
Q

Proof Idea:  
Find a gadget  such that 

1. The number of variables  of  will be much smaller than 

2. Any small-size Resolution proof of  will require the same depth as proving 

g
n F ∘ g N

F ∘ g F
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Depth Condensation
Main workhorse behind our tradeoff: 

𝖽𝖾𝗉𝗍𝗁(Π)𝗐𝗂𝖽𝗍𝗁(Π) = Ω(𝖽𝖾𝗉𝗍𝗁𝖱𝖾𝗌(F))

Depth Condensation Theorem: ([Razborov16] stated for tree-resolution) 
Let  be -expanding,  any unsatisfiable formula.  
If  is a Resolution proof of  with  then 

G r F
Π F ∘ 𝖷𝖮𝖱G 𝗐𝗂𝖽𝗍𝗁(Π) ≤ r/4
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Tradeoffs for other proof systems are obtained by an extra step of lifting! 
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• For Res(k) we prove a Resolution width  Res(k) size lifting theorem with  
, which uses the switching lemma of [SBI04]

→ g =
XOR2



(New) Proof of Depth Condensation 
Depth Condensation Theorem: 
Let  be -expanding,  any unsatisfiable formula.  
If  is a resolution proof of  with  then 

G r F
Π F ∘ 𝖷𝖮𝖱G 𝗐𝗂𝖽𝗍𝗁(Π) ≤ r/4

𝖽𝖾𝗉𝗍𝗁(Π)𝗐𝗂𝖽𝗍𝗁(Π) = Ω(𝖽𝖾𝗉𝗍𝗁𝖱𝖾𝗌(F))

Our proof uses a characterization of resolution depth by Prover-Adversary games
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Positive resolution: counter example to conjecture & surprising depth upper bound

Negative resolution: (conditional) size/depth tradeoff for monotone circuits
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. Supercritical size/depth tradeoffs for non-monotone circuits?  Q

Open Problems


